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1. Introduction
One of the best ways to test Einstein’s general relativity in the regime
of strong gravitational field is to study the properties of compact stars,
especially to investigate neutron star (NS) as a compact star candidate.
The detection of Gravitational wave (GW 170817) and gamma ray burst
(GRB 170817A) from a binary NS merger [1] by the detectors of LIGO and
Virgo is very much promising to explore many more facts in astrophysics as
well as in cosmology [2]. The phenomena of merger of NSs depend on not
only the EOS of NS but also the mass-radius relation [3]. So, the gravita-
tional wave and electromagnetic wave coming from NSs carry the necessary
information regarding the structural properties of the star.
According to many theoretical models and experimental observations,
the structure of NS consists of core and crust region. The density in the
core region of NS can be from as low as 3 × 1014 g/cm3 to as high as 3 ×
1015 g/cm3. The core density is comparable and sometimes greater than the
normal nuclear density which is about ρ0 = 2.7 × 1014 g/cm3. At the core-
crust boundary of the NS the density and pressure are up to ρcc ≈ (0.3−0.5)ρ0
and pcc ≈ 1033 dyn/cm2 respectively [4]. The equation of state for a star
is soft for compressible fluids and stiff for incompressible fluids which are
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basically governed by the functional relationship between the pressure and
density of star. The range for mass of NS is M ≈ 1− 3 M⊙ [5] (for review).
Theoretically upper limit for maximum mass of NS is about 3.2 M⊙ [6].
For sub-nuclear density region (ρ < ρ0), only nucleons are present in matter
interacting with nuclear forces. This region contributes only 1-3 % in mass for
a NS of canonical mass M = 1.4 M⊙ and contributes less than one percent
for massive NS of Mmax > 2 M⊙. The supranuclear density region (ρ >
ρ0) consists of dense matter undergoing strong interactions and contributes
maximum in mass formation of NS.
However, it is very difficult to predict exact equation of state because
many-body theories of strong interactions for dense matter is yet not success-
fully developed in nuclear physics. But some theories are proposed, such as
Brueckner-Bethe-Goldstone theory, according to which the maximum mass
for neutron star of nucleon-hyperon core above supranuclear density with
very high central density is up to 1.5 M⊙ [7]. This upper limit of mass can-
not be matched with recent discovery of massive pulsars [8, 9, 10, 11, 12, 13].
To overcome this conflict, it is prescribed that in addition of much stiffer
EOS either there will be strong repulsive forces between hyperons via ex-
change of φ-meson [14, 15, 16, 17] or there will be strong SU(6) symmetry
breaking [18]. Based on this prescription there are models using relativistic
mean theory which predicts Mmax > 2 M⊙ for nucleon-hyperon core of NS.
Again the maximum mass of NS of nucleon core at ρ0 < ρ ≤ 2ρ0 can be
greater than two solar mass [19]. It is to be noted that Quantum Chromody-
namics allows deconfinement of quarks in baryon core at certain density. At
this point the core matter become plasma of quarks which strongly interacts
with exchange of gluons. The NSs whose core consists of baryons (confined
state of quarks) and quark-gluon plasma is called hybrid star which could
be of Mmax > 2 M⊙ [20, 21, 22, 23]. In these stars phase transition occur
from baryon to quark matter. The quark matter is very stiff so that sound
speed is about (0.8−0.9) c. For detailed study of neutron structure one may
consult the following literature [24, 25, 26, 27].
It can be noted that the discovery of massive NSs imposes constraints
through the equation of state. For stiff equation of state, where the speed
of sound will be very close to speed of light, NS could be massive as much
as 2 M⊙ [28]. It is predicted that NS may born massive following different
evolutionary process or extra mass may be accreted [29] from companion in
X-ray binary system. The high nuclear density at the core region also plays
crucial role in determination of the mass and radius of NS. With the help of
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Shaprio delay mass measurements Demorest et al. [10] have shown that soft
EOS such as hyperon or kaon condensation at nuclear saturation densities is
not applicable for millisecond pulsar PSR J16142230. O¨zel et al. [66] using
recent measurements with uncertainty predict that the radii range for NS
is 9.9 - 11.2 km. The systematic errors in measurement of NS radii from
thermonuclear bursts are about 3 - 8 % [31]. Gravitational wave detection,
neutrino emission and measurement of moment of inertia are expected to
help more to explore the NS structure.
We note that there is still uncertainty in measurements of maximum mass
and radius of NS. Therefore our motivation here is to study the properties of
NS and to find all possible non-singular solutions for isotropic stellar struc-
ture via homotopy perturbation method. Basically in the present study we
try to solve the TOV equation and obtain a mass function. In nonlinear sci-
ence some nonlinear equations are often not solvable analytically where an
approximate method is applicable. We get approximate analytic solutions
for the TOV using homotopy perturbation method which has first proposed
by He [32, 33, 34, 35, 36, 37, 38, 39]. This method is a powerful and simple
technique which can reduce nonlinear problems to simpler one. Generally
the solution is in series form but it converges very rapidly making the ap-
proximate solutions more physical and very interesting. The homotopy per-
turbation method has been successfully used in the field of astrophysics and
cosmology [40, 41, 42, 43].
Therefore, under the above background this paper is devoted entirely to
an analysis of the Tolman-Oppenheimer-Volkoff (TOV) equation with the
linear equation of state of the form p = ωρ, where p is the pressure, ρ is
the energy density, and ω is a constant. We have constructed and discussed
here a set of approximate regular solutions. The plan of the work is as
follows: In Section 2 we derive a nonlinear differential equation for mass
from TOV equation using Einstein’s field equations for spherically symmetric
line element and isotropic prefect fluid. We give brief idea of homotopy
perturbation method and derive a mass function in Section 3. With the help
of this mass function we develop star model and study different features,
such as density, pressure, radius, total mass, compactness, redshift of star,
time-time component of metric, core-crust structure in Section 4. Important
results of the solutions of the model are discussed in Section 5. Then in
Section 6, the solutions are put to test for physical validity. A detailed
discussion on Mass-Radius relation is done in Section 7. At last we made
some important remarks in conclusion part of Section 8.
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2. Spherically symmetric spacetime and TOV equation
Let us consider the spherically symmetric spacetime with following metric
tensor
ds2 = −gtt(r)dt2 +
(
1− 2m(r)
r
)−1
dr2 + r2(dθ2 + sin2θdφ2), (1)
along with the energy momentum tensor for perfect fluid (taking isotropic
condition which means the pressure of the system in the radial and tangential
direction will be same)
T µν = (ρ+ p)u
µuν + pg
µ
ν , (2)
with uµuµ = 1, where u
µ is the 4-fluid velocity.
We take linear equation of state for the fluid as
p = ωρ, (3)
which shows that the pressure is directly proportional to the density and the
proportionality constant ω is called EOS parameter.
The Einstein field equations are given by
2m′
r2
= 8πρ, (4)
2m
r3
−
(
1− 2m
r
)
g′tt
gtt
1
r
= −8πp, (5)
−
(
1− 2m
r
)1
2
g′′tt
gtt
− 1
4
(
g′tt
gtt
)2
+
1
2r
g′tt
gtt

−
(
m
r2
− m
′
r
) [
1
r
+
1
2
g′tt
gtt
]
= −8πp, (6)
where the gravitational constant (G) and the speed of light (c) are taken to
be unity.
From the energy conservation relation, which implies covariant derivative
of energy momentum tensor will be zero, i.e., ∇νT µν = 0, we get the following
relation
p′ = −(ρ+ p)g
′
tt
2gtt
. (7)
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Using Eq. (5) and Eq. (7), we finally get the TOV equation [44, 45]
p′ = −(ρ+ p)(m+ 4πr
3p)
r(r − 2m) . (8)
It is to be noted that from a purely theoretical point of view, Chandrasekhar [46]
did analysis of this TOV equation which contains important elements: a
derivation of an elegant, dimensionless form (Eqs. (16) and (17), p. 187)
or an analysis of the asymptotic behaviour (p. 188). However, the analy-
sis here is much different than that of Chandrasekhar and also the field of
applicability differs widely as can be seen later on.
The above equation can be written in the following suitable form
−MG (ρ+ p)
r2
e
λ−ν
2 − dp
dr
= 0, (9)
where MG =MG(r) is the Tolman-Whittakar mass given by
MG(r) =
1
2
r2e
ν−λ
2 ν ′. (10)
From Eq. (9)
Fg + Fh = 0, (11)
where
Fg = −(ω + 1)ρ g
′
tt
2gtt
, (12)
Fh = −ωdρ
dr
. (13)
Here Eq. (11) represents the hydrostatic equilibrium of the stellar configu-
ration. The stability of star is maintained as the gravitational force (Fg) is
balanced by the hydrostatic force (Fh).
Now using Eqs. (3) and (4) in Eq. (8), we get
m′ − 1
2
m′′r +m′′m− (5ω + 1)
2ω
mm′
r
− (ω + 1)
2
(m′)2 = 0. (14)
To determine the mass function we need to solve the above non linear dif-
ferential equation for mass. For this we use homotopy perturbation method
(HPM).
5
3. Mass function via Homotopy Perturbation Method
We now discuss the HPM very briefly for which we consider the following
nonlinear equation
A(u)− f(r) = 0, (15)
with the boundary condition B
(
u, ∂u
∂n
)
= 0. Here A and B are differen-
tial operator and boundary operator respectively, f(r) is a known analytical
function and ∂
∂n
is directional derivative. The basic idea is to deform the
linear problem into nonlinear problem by building a suitable homotopic re-
lation with introduction of an embedding parameter ǫ. The first step is to
divide the operator A into linear part L and nonlinear part N . So Eq. (15)
can be written
L(u) +N(u)− f(r) = 0. (16)
Then a homotopy structure should be put in form
H(u, ǫ) = L(u)− L(u0) + ǫL(u0) + ǫ[N(u)− f(r)], (17)
where u0 is an initial approximation. It is clear that if ǫ changes from 0 to 1,
H(u, 0) = L(u) − L(u0) is continuously transformed into H(u, 1) = A(u) −
f(r). The functions H(u, 0) and H(u, 1) are called homotopic functions.
We utilize the HPM method to solve Eq. (14). We construct homotopy
relation such that
m′ − 1
2
m′′r + ǫ
[
m′′m− ω1mm
′
r
− ω2(m′)2
]
= 0, (18)
with (
5
2
+
1
2ω
)
= ω1 and
(
1
2
+
ω
2
)
= ω2.
We assume the mass solution as
m = m0 + ǫm1 + ǫ
2m2... (19)
Substituting Eq. (19) into Eq. (18) and equating the coefficients of ǫ to zero
we get the following expressions:
ǫ0 :
m′0 −
1
2
m′′0r = 0, (20)
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ǫ1 :
m′1 −
1
2
m′′1r +m
′′
0m0 − ω1
m0m
′
0
r
− ω2(m′0)2 = 0, (21)
ǫ2 :
m′2 −
1
2
m′′2r +m
′′
0m1 +m
′′
1m0
−ω1 (m0m
′
1 +m1m
′
0)
r
− 2ω2m′0m′1 = 0. (22)
and so on.
Solving Eqs. (20), (21) and (22) we get
m0 = C1 + C2r
3, (23)
m1 = C
2
2ω3r
5 +
1
3
C3r
3 + C4, (24)
with
−3
5
(
2 +
3
2
ω +
1
2ω
)
= ω3,
m2 = C
3
2ω5r
7 + C2C3ω4r
5 +
1
3
C5r
3 + C6, (25)
with
−2
5
(
2 +
3
2
ω +
1
2ω
)
= ω4
and (
27
20
+
15
28ω
+
261ω
140
+
3
35ω2
+
27ω2
28
)
= ω5,
where Ci for i = 1 to 6 are constants of integrations. Now, at centre we will
have m(0) = 0 for which mi(0) should be zero for i= 1, 2, 3.
Using the above conditions we get C1 = C4 = C6 = 0. For ǫ = 1 we shall
get the desired approximate analytic mass solution, so that
m ≈ m0 +m1 +m2, (26)
and finally
m(r) = a1r
3 + a2r
5 + a3r
7, (27)
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with
a1 =
(
C2 +
C3
3
+
C5
3
)
,
a2 = C
2
2ω3 + C2C3ω4,
a3 = C
3
2ω5.
To measure the accuracy of the approximate analytic mass solution we
now define residual of mass as
Res[m] = m′ − 1
2
m′′r +m′′m− ω1mm
′
r
− ω2(m′)2, (28)
which can be written as the function of radial distance
Res[m] =
6∑
i=2
ζi(n, ω)r
2i, (29)
where ζi(n, ω) are the coefficients. For an exact solution of mass Res[m] will
be zero. It is possible to get the residual of mass close to zero with proper
choice of the parameters (n, ω). The accuracy of the approximate solution of
mass will be high if the residual of mass be small as compared to the mass
function value.
Though our sole motivation is to study NS properties using approximate
solution of mass, we note that ω = −1 is interesting for two reasons. Firstly,
this is related to the existence as well as definite role of the dark energy.
Secondly, for ω = −1 the mass function becomes m = a1r3 which is the
exact solution of the TOV equation (Eq. (14)) where ω3, ω4, ω5 all are zero.
Hence the density becomes constant (ρ = 3a1
4pi
). Again, the pressure becomes
constant as follows from the EOS (Eq. (3)). Therefore we get the solution
for constant density sphere which is however not physically admissible. So
our model valid for ω 6= −1 which does not give any dark energy solution.
Therefore, in the next section we find allowed range for ω to study properties
of neutron star. In addition to this we also note that the exact solution
m = a1r
3 is comprehensively unable to study feasible features of stellar model
for ω = −1. This indicates that approximate solution could be interesting
to adopt for exploring interesting properties of NS system.
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4. Star modelling
4.1. Causality and stability condition
The speed of sound is defined in the perfect fluid system as
v =
√
dp
dρ
=
√
ω. (30)
Since the speed of sound must be less than light speed we always have 0 <
v2 < 1 for a solution to be causal [47]. The adiabatic index for isotropic
stellar structure is defined as
Γ =
(
ρ+ p
p
)
dp
dρ
= (ω + 1). (31)
The stellar structure will be stable if Γ > 4
3
[48, 49, 50]. Therefore, we
can choose a range of ω to be 1
3
< ω < 1 on physical consideration that
the range confirms that the stellar model satisfies both the causal and stable
conditions as stated above. For this chosen range of ω, we always have ω1,
ω2, ω5 to be positive and ω3, ω4 to be negative.
4.2. Density function and constants of integrations
Density function of the star can be written using Eqs.(4) and (27)
ρ(r) =
1
4π
(3a1 + 5a2r
2 + 7a3r
4). (32)
At the centre of star therefore the density becomes
ρc =
3
4π
(
C2 +
C3
3
+
C5
3
)
. (33)
The value of the constant of integration is in general arbitrary. But not all
the values of the constants are physically valid. So, some particular values
of these constants are interesting as they play a vital role to determine the
central density of a stable stellar system. Therefore, without loss of generality
to constrain the value of constants for physically interesting star we can
introduce a model parameter n such that
C2 =
2C3
(n− 3) =
2C5
(n− 3) =
4πρc
n
,
9
with n ≥ 3. The above equality holds true for Eq. (33). It will help us to
find the arbitrary constants of integration in terms of the central density and
the model parameters. Therefore, we get the following relationships:
a1 =
C
3
, a2 =
C2
3n
ω3, a3 =
C3
n3
ω5,
with
4πρc = C.
We have now a1, a3 > 0 and a2 < 0 for the features of the causal and
stable stellar structure. Eventually we see that there is only one unknown
constant, namely, the central density (ρc) and two parameters, namely, the
EOS parameter (ω) and the model parameter (n) which can determine dif-
ferent features of a stellar model. From this model, if the value of the central
density is given, by tuning the parameters we can easily determine the total
mass and radius for a particular star. Again for star of known mass and
radius, tuning the parameters we can find its central density.
4.3. Pressure, radius and total mass of the star
From the TOV equation it is seen that there is a significant contribution
of the pressure term in the gravitational force. With the help of Eqs. (3)
and (32), we get the pressure of star as
p(r) =
ω
4π
(3a1 + 5a2r
2 + 7a3r
4). (34)
The boundary of a star is defined by the relation p(R) = 0, which gives
7ω5
(
C
n
R2
)2
+
5
3
nω3
(
C
n
R2
)
+ n = 0. (35)
Solution of Eq. (35) is the radius of the star for a given set of values (n, ω).
Hence the radius of the star is given by
R2 =
n2
C
Ω, (36)
with Ω = Ω0 ± Ω1, where Ω0 = − 5ω342ω5 and Ω1 =
(√(
5ω3
42ω5
)2 − 1
7nω5
)
.
From Eq. (36), we see that the radius of a star depends on the model
parameter, equation of state parameter and central density. It is inversely
10
proportional to square root of central density (R ∝ ρ−1/2c ). For real values
of R we should have
[(
5ω3
42ω5
)2 − 1
7nω5
]
≥ 0 or n ≥
(
252ω5
25ω2
3
)
. This is the
lower limit for n and it depends on ω. In the range 1
3
< ω < 1, we have
7.8 <
(
252ω5
25ω2
3
)
< 8.4. So, for n < 7.8 there will be no real values for the
radius of star for the given range of ω. Therefore in our model the minimum
value of n is 7.8 which depends on some particular value of ω. However if
n > 8.4 we can ensure the real value of radius of star for given range of ω.
The total mass of the star can be determined evaluating the integral
M = 4π
∫ R
0
ρ(r)r2dr, (37)
which reduces to
M =
1
3
CR3 +
ω3
3n
C2R5 +
ω5
n3
C3R7. (38)
Rest mass energy of the stellar structure is given by
Mr = 4π
∫ R
0
ρ(r)
[
1− 2m(r)
r
]−1/2
r2dr. (39)
We can calculate the rest mass energy and total mass to find binding coeffi-
cient (σ) [52] which is defined as
σ =
(
Mr −M
Mr
)
. (40)
It is noted that σ should be positive for bound stellar structures.
4.4. Compactification factor and redshift
The compactness of a star is measured by the ratio of the Schwarzschild
radius (RS = 2GM/c
2) and the radius of star (R). We define compactifica-
tion factor of the star as u = m(r)/r, which can be expressed as
u(r) = a1r
2 + a2r
4 + a3r
6. (41)
Also the total mass to radius ratio is given by
M
R
=
n3Ω
3
[
1
n
+ ω3Ω+ 3ω5Ω
2
]
. (42)
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The ratio is independent of the central density of the star but it depends
on n in the range 1
3
< ω < 1. So, n can be think of compactness tuning
parameter for given ω. According to the Buchdahl condition [53] for a phys-
ical stellar model M/R is always less than 4/9. Later on, it is shown that
considering the first order phase transition for NS the radius can be given
as R ≥ 2.94GM/c2 [54] which means the compactness will be such that the
ratio M/R will be less than 0.34.
Now it can be shown from Eqs. (36) and (42) that M ∝ ρ−1/2c . This type
of relation is found for other analytic solutions like Tolman VII [44], Nariai
IV [56], Buchdahl [55] and Tolman IV (generalized) [57] using different ansatz
for fixed M/R ratio. But in our model the relation is direct consequence
of approximate analytic mass function without considering any preassumed
metric potentials and different ansa¨tze. The only input to this model is the
linear EOS. Lattimer et al. [51] used this law of variation of the maximum
mass and central density as input to set upper limit for the central density of
a NS. It is clear that for larger value of observed mass the upper limit for the
central density will be lower for the fixed EOS as well as model parameter.
The redshift [58] in the internal region of a star is defined by
Z(r) + 1 =
1√
gtt(r)
. (43)
So the surface redshift will be in the form of
Zs + 1 = (1− 2u(R))− 12 . (44)
Now based on the Buchdahl condition [53] for a stable stellar configuration
the ratio M/R is always less than 4/9 and hence we should always have
Zs ≤ 2. From our model we get
Zs + 1 =
[
1− 2n
3Ω
3
(
1
n
+ ω3Ω+ 3ω5Ω
2
)]− 1
2
. (45)
One can note that the surface redshift depends only on the parameters (n, ω).
4.5. Time-Time component of the metric
The time-time component of metric tensor in the line element taken into
consideration is unknown. This can be derivable from Eq. (5) using Eqs. (3)
12
and (4). The simple calculation yields
gtt(r) = gtt(0)
e(ω+1)I(r)(
1− 2m(r)
r
)ω , (46)
where
I(r) =
∫
2(a1r + a2r
3 + a3r
5)
1− 2(a1r2 + a2r4 + a3r6)dr.
Note that the time-time metric component is non-singular and hence at
the centre we must get a gtt(0) which is finite. The value of gtt(0) can be found
by equating the line element to the Schwarzschild metric at the boundary.
Thus
gtt(R) =
(
1− 2M
R
)
. (47)
Using this matching condition we can find
gtt(0) =
(
1− 2M
R
)ω+1
e−(ω+1)I(R). (48)
4.6. Energy condition
A physical stellar model should follow the energy relations as prescribed
below:
(i) NEC: ρ+ p ≥ 0, or (ω + 1)ρ ≥ 0.
(ii) WEC: ρ+ p ≥ 0, ρ ≥ 0, or (ω + 1)ρ ≥ 0, ρ ≥ 0.
(iii) SEC: ρ+ p ≥ 0, ρ+ 3p ≥ 0, or (ω + 1)ρ ≥ 0, (3ω + 1)ρ ≥ 0.
(iv) DEC: ρ ≥ 0, ρ >| p |.
In our model if the density profile ρ ≥ 0 be positive throughout the whole
region of a star then all the energy conditions will be satisfied.
4.7. Core and crust structure
The variation of density profile with the radial distance will not be similar
at the core and crust region of a NS. The core in general is in the supranuclear
density regime whereas the crust is in the subnuclear density regime. The
regime switches at the point which defines core-crust boundary. In our model
the core-crust boundary is at a point where slope of density profile switches
its nature of variation. So, extrema of the slope of density curve determines
the distance of the core-curst boundary from the centre of NS.
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The slope of the density is given by
ρ′(r) =
1
4π
(10a2r + 28a3r
3). (49)
Let the extrema of the slope of density is found to be at r = rcc. So, we have
r2cc = −
10a2
84a3
= − 5n
2ω3
126Cω5
. (50)
The radius of the star and rcc are related by the following relation
R2 = 3r2cc ±
√
9r4cc −
n3
7ω5C2
. (51)
The density at core-crust boundary is related to the central density as
ρcc = ρc
(
1− 125nω
2
3
2268ω5
)
. (52)
5. Some special solutions for neutron stars
If the central density is specified, for a given set of values of (n, ω) we
shall have the following three solutions set for the model.
5.1. Solution I:
If we consider Ω = (Ω0 + Ω1), we get the following results from Fig. 1.
(i) The ratio M/R is decreasing with increasing value of n. The allowed
ranges are 0 ≤ M
R
≤ 0.32 and 8.4 ≤ n ≤ 10.
(ii) The maximum surface redshift is 0.67 at n = 8.4 and ω ≈ 1.
(iii) For a given set of (n, ω) we always find pressure vanishes at two points,
namely Ro = n
√
Ω0+Ω1
C
and Ri = n
√
Ω0−Ω1
C
. Thus the star exhibits outer
radius Ro and inner radius Ri. Since Ri < Ro we find shell of thickness
(Ro − Ri) where the density as well as pressure become negative and also
energy conditions violate.
(iv) For a star of the central density 5.5 × 1015 g/cm3 the maximum mass
is 1.96 M⊙ corresponding to the parameters n = 8.4 and ω ≈ 1. Here the
radius of the star is 9.06 km.
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Figure 1: Variation of the total mass to the radius ratio (M/R), the total mass (M) at the
central density 5.5× 1015 gm/cm3 and the surface redshift (Zs) with respect to the EOS
parameter ω and the model parameter n in the case of Solution I.
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5.2. Solution II:
If we consider Ω = (Ω0 − Ω1), we get the following results from Fig. 2.
(i) The ratio M/R is increasing with increasing n. The allowed ranges are
0.32 ≤ M
R
≤ 0.44 and 8.4 ≤ n ≤ 10.9.
(ii) The maximum surface redshift is 1.95 at n = 10.9 and ω = 0.59.
(iii) The radius of the star is R = n
√
Ω0−Ω1
C
.
(iv) In this range for a star of the central density 5.5 × 1015 g/cm3 the
maximum mass is 2.48 M⊙ corresponding to the parameters n = 10.9 and
ω = 0.59. The radius of the star is 8.66 km.
5.3. Solution III:
If we consider n =
(
252ω5
25ω2
3
)
, then we shall have Ω1 = 0 and Ω = Ω0. This
solution is independent of the parameter n and depends only on ω of the
EOS parameter and central density will give the complete solution. We get
the following results from Fig. 3.
(i) In this case we get M
R
=
(
− 576ω5
625ω3
3
)
. The allowed range is 0.29714 ≤ M
R
≤
0.32544.
(ii) Surface redshift is maximum 0.69 at ω = 0.73.
(iii) The radius of the star isR = n
√
Ω0
C
and total massM = 6096384
78125
(
ω5
ω2
3
)3 Ω3/2
0√
C
.
(iv) For a star of the central density 5.5× 1015 g/cm3 the maximum mass is
2.01 M⊙ with radius 9.13 km at ω = 0.73.
The allowed ranges for parameters and the results for all the three solu-
tions are summarized in Tables 1 and 2.
6. Physical validity of the stellar model
Though the mass of NS can be measured precisely but there are large
uncertainty in the radii measurements. The present stellar model should be
tested for its physical validity by studying some observed NSs with known
masses. We therefore calculate several physical parameters from the model,
such as the radii, central density, central pressure, central redshift and surface
redshift of the stars. From Table 1 we note that the stars described by the
three solutions belong to different ranges of compactness and surface redshift.
Keeping this in mind we test the model with observed stars for Solutions I
and III. On the other hand, Solution II describes and predicts the existence
of ultra compact neutron star which possess high surface redshift.
16
Figure 2: Variation of the total mass to the radius ratio (M/R), the total mass (M) at
the central density 5.5 × 1015 gm/cm3 and the surface redshift (Zs) with respect to the
EOS parameter ω and the model parameter n in the case of Solution II.
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Figure 3: Variation of the total mass to the radius ratio (M/R), the total mass (M) at
the central density 5.5 × 1015 gm/cm3 and the surface redshift (Zs) with respect to the
EOS parameter ω in the case of Solution III.
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The value of the physical parameters for the stars RX J185635−3754 [59],
GS 1826−24 [60], 4U/MXB 1728−34 [61] using Solution I are summarized
in Table 3 and for the stars 4U 1608−52 [62], 4U 1820−30 [63], KS 1731−
260 [64], SAX J1748.9 − 2021 [65] using Solution III are summarized in
Table 4. The variation of time-time component of the metric tensor, density,
pressure, compactification factor and internal redshift with respect to the
radial distance are presented by Fig. 4 for Solution I and by Fig. 5 for
Solution III. In Table 2 we present the maximum possible mass of a star with
the corresponding radius and surface redshift for different central densities.
Table 1: Allowed ranges of the physical parameters for the presented model
Soln. Ω n M/R Zs
I Ω0 + Ω1 8.4 ≤ n ≤ 10.0 0 < MR < 0.319 0 < Zs ≤ 0.67
II Ω0 − Ω1 8.4 ≤ n ≤ 10.9 0.320 < MR < 0.442 0.67 < Zs ≤ 1.95
III Ω0 Independent 0.297 <
M
R
< 0.325 0.57 < Zs ≤ 0.69
Table 2: Set of values of the total mass and radius of stars having the maximum surface
redshift for different central density
Soln. ρ (g/cm3) 5× 1014 1× 1015 5.5× 1015 ZMaxs
I [M(M⊙), R(km)] [6.50, 30.05] [4.59, 21.25] [1.96, 9.06] 0.67
II [M(M⊙), R(km)] [8.59, 28.71] [6.07, 20.30] [2.58, 8.66] 1.95
III [M(M⊙), R(km)] [6.66, 30.30] [4.71, 21.42] [2.01, 9.13] 0.69
7. Mass-Radius relation
Different spectroscopic measurements of masses of neutron stars can be
done mostly in radio observations and some in X-ray and gamma ray obser-
vations of pulsars in binary systems. There are also spectroscopic and timing
Table 3: Physical parameters of stars for Solution I
System M n ω Ri, Ro ρc × 1016 pc × 1036 Zc Zs MR
(M⊙) (km) (g/cm3) (dyn/cm2)
RX J185635-3754 0.90 8.4 0.51 6.00, 4.62 1.79 8.26 7.49 0.34 0.22
GS 1826-24 1.70 8.5 0.47 12.85, 9.61 0.409 1.73 6.50 0.28 0.19
4U/MXB 1728-34 0.63 8.6 0.39 5.67,4.13 2.14 7.53 4.74 0.22 0.16
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Figure 4: Solution I: Density in gm/cm3 (upper left), pressure in dyn/cm2 (upper right),
the time-time component (middle), compactness factor (lower left) and redshift (lower
right) as a function of the radial distance r.
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Figure 5: Solution III: Density in gm/cm3 (upper left), pressure in dyn/cm2 (upper
right), the time-time component (middle), compactness factor (lower left) and redshift
(lower right) as a function of the radial distance r.
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Table 4: Physical parameters of stars for Solution III
System M ω R ρc × 1015 pc × 1036 Zc Zs MR
(M⊙) (km) (g/cm3) (dyn/cm2)
4U 1608-52 1.74 0.35 8.57 5.77 1.82 4.38 0.58 0.30
4U 1820 30 1.58 0.35 7.78 6.99 2.21 4.38 0.58 0.30
KS 1731 260 1.80 0.35 8.87 5.39 1.70 4.38 0.58 0.30
SAX J1748.9-2021 1.78 0.559 8.18 6.79 3.42 8.78 0.68 0.32
Table 5: Residual mass, binding coefficient and physical parameters corresponding to
core-cust boundary of star
System Res[m]r=R σ rcc (km) ρcc (g/cm
3) pcc (dyn/cm
2)
RX J185635-3754 -2.284921 0.58713 3.09 7.30× 1015 3.35× 1036
GS 1826-24 -0.395751 0.60995 6.55 1.62× 1015 6.87× 1035
4U/MXB 1728-34 -0.391689 0.62061 2.86 8.32× 1015 2.92× 1036
4U 1608-52 0.000355 0.46259 4.94 2.57× 1015 8.11× 1035
4U 1820 30 0.005400 0.46302 4.49 3.11× 1015 9.82× 1035
KS 1731 260 -0.001812 0.46302 5.12 2.39× 1015 7.34× 1035
SAX J1748.9-2021 -0.000007 0.53900 4.72 3.02× 1015 1.52× 1036
Figure 6: Residual mass function for ρc = 5× 1014 g/cm3.
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measurements of radius of neutron stars. Based on the collections of data for
mass and radius measurements of neutron stars it is seen that range of masses
is from 1.17 M⊙ to 2 M⊙ and range of radii is from 10-11.5 km [66]. Re-
cent observation and interpretation of GW 170817 in different spectroscopic
bands put constraint on both the upper and lower bound on tidal deforma-
bility parameter which consequently ruled out the extremely stiff and soft
equation of states [67]. An analysis [68] over the gravitational wave data
and electromagnetic data of GW 170817 estimates a Bayesian parameter for
the binary neutron star system subject to the assumption that the radii of
neutron stars in GW 170817 are similar. In that analysis it is shown that
considering only the gravitational wave data, neutron star of 1.4 M⊙ cannot
have radii smaller than 11.2 km. If electromagnetic data and systematic as
well as statistical uncertainties are taken into account, the radius of neutron
star of 1.4 M⊙ is expected to be 12.2
+1.0
−0.8 ± 0.2 km up to 90% credible inter-
val. In an another study [69] considering tidal deformability parameter of
neutron stars in GW 170817, the constrained range for the radius of purely
hadronic neutron star of 1.4 M⊙ is deduced to be 12-13.45 km. However,
if phase transition is taken into account the range would be 8.53-13.74 km.
Thus we see that there are various observational range of radii of neutron
star depending on various type of measurements.
The presented stellar model is dependent on the choice of the model
parameter n and central density ρc. It is possible to obtain family of phys-
ical solutions for different values of the parameters (n, ρc) as the ranges of
masses and radii have certain dependence on them and hence the observa-
tional ranges can be obtained just fine tuning the parametric values. To
show that our solutions for radii and masses indeed fall in the observational
ranges, we have presented variation of the total mass (M) with respect to
the radius (R) of a star in Figs. 7 and 8 for different set of values (n, ρc)
using solutions of the present relativistic model. We have also prepared a
data Table 6 showing range of masses and radii for different set of values of
n and ρc. From the mass-radius plots and the data Table 6 it is revealed
that for fixed ρc, the range of radii becomes wider as the value of n increases
whereas for fixed n, the value of maximum mass increases as ρc decreases.
In addition residual of the mass function or Res[m] with respect to the
radial distance for some representative values of the parameters (n, ω) are
plotted to present the accuracy of approximate analytic solution of the TOV
equation in Fig. 6. The small value of Res[m] implies that accuracy is high
enough to consider the approximate analytic solution to be physical one. In
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Figure 7: Total mass (M) vs Radius (R) curves at different central densities such as
5.5×1015, 4.0×1015, 3.0×1015, 2.75×1015 g/cm3 for one set n = (7.8, 8.0, 8.2, 8.4, 8.6)
using solution III.
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Figure 8: Total mass (M) vs Radius (R) curves at different central densities such as
5.5× 1015, 4.0× 1015, 3.25× 1015 g/cm3 for two sets of n = (7.80, 7.82, 7.84, 7.86, 7.88)
and (8.28, 8.30, 8.32, 8.34, 8.36) using solution II.
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Table 6: Ranges of bag constants for NS with quark core
ρc (g/cm
3)
5.5× 1015 4.0× 1015 3.0× 1015
M (M⊙) R (km) M (M⊙) R (km) M (M⊙) R (km)
n Range Range Range Range Range Range
7.8 1.75-1.88 8.74-9.05 2.05-2.21 10.25-10.6 2.37-2.55 11.84-12.25
7.9 1.55-1.98 8.50-9.46 1.80-2.30 9.85-11.21 2.08-2.68 11.38-12.93
8.0 1.39-2.00 8.12-9.86 1.63-2.35 9.54-11.58 1.88-2.71 11.03-13.37
8.1 1.25-2.00 7.85-10.15 1.47-2.35 9.20-11.90 1.70-2.70 10.64-13.74
8.2 1.14-1.99 7.62-10.42 1.33-2.34 8.93-12.18 1.54-2.69 10.32-14.07
8.3 1.00-1.98 7.34-10.63 1.20-2.32 8.62-12.46 1.38-2.68 9.98-14.40
8.4 0.91-1.96 7.02-10.85 1.07-2.29 8.25-12.73 1.24-2.65 9.54-14.66
8.5 0.80-1.93 6.79-11.06 0.95-2.26 8.00-13.00 1.09-2.62 9.24-15.00
Fig. 6, Res[m] is zero almost up to 6 km and thereafter it has very small
value compared to the mass function value. Res[m] is also calculated for the
observed stars and listed in Table 5. It is obvious that the accuracy of the
solution can be made as high as possible with proper choice of the parameters
n, ω and ρc.
8. Conclusion
In the present study the TOV equation is solved for the isotropic perfect
fluid in the spherically symmetric spacetime using homotopy perturbation
method. We get approximate analytic solution for mass function. The mass
function is governed mainly by the EOS parameter and model parameters.
For any physically viable stellar model the parameters cannot have any value.
We therefore determine the allowed ranges for parameters shown in Table 1
following causality and stability condition for the star model. Three solutions
are studied qualitatively and the maximum mass, radius, maximum surface
redshift, etc of a neutron star are predicted for different central density as
shown in Table 2. For each solution to the model with a neutron star of
known mass we find residual mass to check the accuracy of the solution and
find binding coefficient to check the bound structure of the star. The residual
mass, binding coefficient and the physical parameters corresponding to the
core-crust boundary are given in Table 5.
26
We provide here some important results and features of our model as
follows:
(i) There is no special ansatz or form of metric potentials is assumed in the
model. Only the value of ω and n give the complete solution. The ratio of the
total mass to the radius and surface redshift of a star only depends on ω and
n. Also one can note that the total mass and radius are inversely proportional
to the square root of the central density [44, 56, 55, 57]. The density, pressure,
time-time component of the metric and other physical quantities are finite
at the centre. So the solutions presented here are singularity free.
(ii) Using Solution I, we can describe the core of the NS which is physically
valid. However, there is a shell of (Ro−Ri) in the crust region of NS which is
non-physical as it contains negative density and thus violation of the energy
conditions do occur. The residual mass being high the resulting solution I is
not accurate enough to accept as a physical solution. On the other hand, the
Solution II gives a physical solution for a star as density is positive throughout
the region of the star and all the energy conditions are satisfied in this case.
This solution is very interesting as it predicts a NS to be highly compact and
of high surface redshift. Similarly, the Solution III is completely physical
and accuracy is very high as the residual mass is very small. However, the
solution here only depends on the EOS parameter ω.
(iii) If we take Solutions II and III into consideration, our prediction is
that the total mass to radius ratio of a NS should be constrained in the
range 0.297 < M/R < 0.442 [53] and surface redshift should lie in the range
0.57 < Zs < 1.95 [58] for the parametric values 8.4 < n < 10.9 and 1/3 <
ω < 1. The total mass as function of ω has a maxima at ω ≈ 0.6−0.75. The
maximum mass and radius for NS is predicted to be 2.01 M⊙ and 9.13 km
for the central density of 5.5× 1015 g/cm3, ω = 0.73 and Zs = 0.69.
(iv) The mass-radius plots in Figs. 7 and 8 show the range of masses and
radii of neutron stars within the observational range. Also Fig. 6 shows that
approximate solution can be made accurate enough so that it could provide
physical solutions for stellar model.
As a final comment: we note that though the mass function has approxi-
mate analytic solution but it gives non-singular and stable stellar configura-
tion which can describe and study the properties of compact star (especially
NS).
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